Hofer showed the distribution function of (φ b (n), φ b (n + 1), . . . , φ b (n + s − 1)) n≥0 on [0, 1) s exists and is a copula. In this note we show this phenomenon extends to a broad class of subsequences of the Van der Corput sequences.
Introduction
For an integer b > 1 we define the Kakutani -Von Neumann odometer (0), . . . , T n bs (0)) n≥0 the Halton sequence. All three of these sequences are examples of low discrepancy sequences valuable in numerical integration. Henceforth we will write φ b (n) = T n b (0) (n ≥ 0). For a real number y let {y} denote its fractional part. Following I. Niven, [KN p. 305] we say a sequence of integers (k n ) n≥0 is uniformly distributed on Z if for every integer m > 1 and every residue class j mod m for j ∈ [0, m − 1), we have
We call a sequences of integers (k n ) n≥0 Hartmann uniformly distributed if for each irrational number α the sequence ({k n α}) n≥0 is uniformly distributed modulo one and the the sequence (k n ) n≥0 is uniformly distributed on Z [KN, p. 296, Ex. 5.11 ]. More generally we say a sequence is Hartmann uniformly distributed on a locally compact abelian group G if it is uniformly distributed on the Bohr compactification of the the group. In this paper however our interest is confined to the group G = Z. Recall a function C :
s we have C(u) = 0 if any one of the coordinates of u is 0; (ii) for each x ∈ [0, 1] we have C(1, 1, . . . , 1, x, 1, 1, . . . , 1) = x and (iii) for each B ⊆ [0, 1] s which is a product of intervals contained in [0, 1] we have
Our main result is the following.
Theorem 1. Suppose that (k n ) n≥0 is Hartmann uniformly distribution on Z that (n 1 , . . . , n s ) is an s-tuple of non-negative integers and that b > 1 is an integer. Then the asymptotic distribution function of the sequence
exists and is a copula.
In the case k n = n (n = 1, 2 . . .) with n i = i − 1 (i = 1, 2, . . . s) this result appears in [AH] in response to a question of O. Strauch. The special case s = 2 of the result from [AH] appears in [FS] .
Asymptotic distribution of the a-adic numbers
We consider a more general framework. To fix ideas we begin with some basic information about the a-adic integers. Let a = (a n ) ∞ n=0 be a sequence of rational integers greater than one. Using the notation of [HR §10] we define the a-adic integers ∆ a to be the set of infinite sequences (
be defined as follows. Write x 0 + y 0 = t 0 a 0 + z 0 , where z 0 ∈ {0, 1, ..., a 0 − 1} and t 0 is a rational integer. Suppose z 0 , · · · , z k and t 0 , · · · , t k have been defined. Then write x k+1 + y k+1 + t k = t k+1 a k+1 + z k+1 , where z k+1 ∈ {0, 1, ..., a k+1 − 1} and t k+1 is a rational integer. We have thus inductively defined the sequence z = (z n ) ∞ n=0 , which we deem to be x + y. The binary operation + which we call addition makes ∆ a an Abelian group.
For each non-negative integer k let
These sets form a basis at 0 = (0, 0, · · · ) for a topology on ∆ a . With respect to this topology ∆ a is compact and the group operations are continuous making ∆ a a compact Abelian topological group. A second binary operation called multiplication, denoted by × and compatible with addition is defined as follows. Let
Deeming multiplication to be continuous on ∆ a defines it off (nu) ∞ n=0 . The binary operations addition and multiplication makes ∆ a a topological ring.
For each non-negative integer n, let λ n (A) denote the measure on the finite set {0, 1, · · · , a n − 1} given by λ n (A) = card(A)/a n . Haar measure is the corresponding product measure on ∆ a .
The dual group of ∆ a , which we denote Z(a ∞ ) consists of all rationals t = Ar where A r = a 0 · · · a r and 0 ≤ ≤ A r for some non-negative integer r. To evaluate a character χ t at x in ∆ a we write
where as usual, for a real number x, e(x) denotes e 2πix .
For a sequence (x n ) ∞ n=0 in ∆ a , let A(E; N ) denote the number of elements of the sequence {x 0 , · · · , x N −1 } that belong to E. If for every set E belonging to the algebra generated by the sets Λ k (k = 0, 1, · · · ) and their translates, the limit
is asymptotically distributed on ∆ a with distribution µ. If µ coincides with Haar measure λ, we say (
We identify the natural number n with the element nu of ∆ a and have therefore defined φ a (n). We shall refer to φ a as the Monna map. We call the maximal subset of ∆ a on which φ a is injective its regular set. We call the sequence a useful if the regular set contains all natural numbers. In the case a i = b for each natural number b > 1 the sequence (φ a (n)) n≥0 coincides with the base b Van der Corput sequence. One checks readily that on the regular set, the map φ a is a bijection and that the image of a uniformly distributed sequence on ∆ a is uniformly distributed on [0, 1). More generally if a sequence is asymptotically distributed on ∆ a with respect a measure ρ the image sequence is asymptotically distributed in [0, 1) with respect to the push forward of the measure ρ onto [0, 1).
Note that if (k n ) n≥0 is Harmann uniformly distributed if we define
we have F (N, 1) = 1 for all N ≥ 1 and if z = 1 we have lim N →∞ F (N, z) = 0. Thus if we choose z = χ t (.), Weyl's criterion on ∆ a tells us that (k n ) n≥0 is uniformly distributed on ∆ a . This means (φ a (k n )) n≥0 is uniformly distributed on [0, 1). Let η(x) denote a non-constant polynomial mapping the natural numbers to themselves. and let (p n ) n≥0 denote the sequence of rational prime numbers. In [N1] it is shown that while the sequences (η(n)) n≥0 and (η(p n ))) n≥0 are not in general uniformly distributed on ∆ a , they are however asymptotically distributed with respect to continuous measures ρ 1 and ρ 1 = 2 on ∆ a . This means that (φ a (η(n))) n≥0 and (φ a (η(p n ))) n≥0 are asymptotically distributed on [0, 1) with respect to ρ a,1 and ρ a,2 which denote the push forwards of the measure ρ 1 and ρ 2 respective by the the Monna map onto [0, 1). A convenient abuse of notation we will use is that ρ a,1 (t) and ρ a,2 (t) will also be used to the densities of these measures.
Let
).
(k = 0, 1, . . .) One readily checks that the map preserves Lebesgue measure on [0, 1). Also the Monna map defines an isomorphism between the dynamical system (∆ a , λ, τ ) where λ denotes Haar measure and for x ∈ ∆ a we have τ (x) = x + 1, and the dynamical system ([0, 1), , T a ) where is Lebesgue measure. Because of the density of the natural numbers in ∆ a it follows the dynamical system (∆ a , λ, τ ) is an uniquely ergodic group rotation [GHL p. 27] . Because, via the Monna map both dynamical systems are metrically isomorphic [CFS p.9] , this means ([0, 1), λ, T a ) is also a uniquely ergodic dynamical system. Following [AH] for t ∈ [0, 1) we define We define the emperical measure of the first N points by
We have
where proj 1 denotes the projection onto the first coordinate of [0, 1) s . Using the fact that (T kn a (0)) n≥0 is uniformly distribution modulo one and the fact that t → T a (t) is bijective this is
If instead of Hartmann uniform distributed sequences we consider the sequences (φ a (η(n))) n≥0 and (φ a (η(p n ))) n≥0 then the argument can be varied in the following way. Set ν i (A) = ρ i {t : γ(t) ∈ A}) for A ⊂ Γ (i = 1, 2). Now repeating the above argument with ν replaced by ν i (i=1,2) we have proved that (φ a (η(n)+n 1 ), . . . , φ a (η(n)+n s )) n≥0 and (φ a (η(p n )+n 1 ), . . . , φ a (η(p n )+n s )) n≥0 have distribution functions µ i (i = 1, 2) which for B ⊆ [0, 1) s are given by ν i (B ∩ Γ).
We have proved the following theorem, which implies Theorem 1.
Theorem 2.1. Suppose a = (a n ) n≥0 is useful. Then for each (n 1 , . . . , n l ) ∈ Z + the following are true. (i) If (k n ) n≥0 is Hartmann uniformly distributed then the sequence
has an asymptotically distribution function µ which is a copula. Suppose η is a non-constant polynomial mapping the natural numbers to themselves and (p n ) n≥1 is the sequence of rational primes. Then the squences (ii) (φ a (η(n) + n 1 ), . . . , (φ a (η(n) + n l )) ; and (iii) (φ a (η(p n ) + n 1 ), . . . , (φ a (η(p n ) + n l )) ; have asymptotic distribution functions.
Let (X, β, µ) be a probability space and let T : X → X be a measurable map that is also measure preserving; that is, given A ∈ β, we have µ(T −1 A) = µ(A), where T −1 A denotes the set {x ∈ X : T x ∈ A}. In this paper we say a sequence
is L p -good universal , if for each probability space (X, β, µ), each measurable measure preserving map T on it and all functions f ∈ L p (X, β, µ) we have the limit
existing almost everywhere with respect to the measure µ.
We have the following Lemma.
is Hartman uniformly distributed modulo one on Z, the dynamical system (X, B, µ, T ) is ergodic and (k n ) n≥1 is L 2 -good universal. Then T,f (x) exists and equals X f dµ µ almost everywhere.
Lemma 2.3. Suppose (k n ) n≥0 is Hartman uniformly distributed and L 2 -good universal. The following statements are equivalent : a) the transformation (X, β, µ, T ) is uniquely ergodic ; b) for each continuous function f defined on X there is a constant C f independent of x such that
uniformly on X; and c) whenever f is in C(X)(the space of continuous functions on X)
pointwise on X.
P r o o f. We first consider the proof that c) implies a). Let
For ν in M (X, T ), by the dominated convergence theorem we have
This holds for all f in C(X) and hence by the Riesz representation theorem we have ν = µ, as required. We now show how a) implies b). Suppose b) does not hold. Then there exists an > 0, a function g in C(X) and a sequence (x nj ) ∞ j=1 in X such that
Using the unique ergodicity property of (X, β, µ, T ) and refining (x nj ) ∞ j=1 if necessary we can find ν in M (X, T ) such that
which is a contradiction.
The proof that b) implies a) is obvious.
Note that if T a is ergodic with respect to two distinct measures on [0, 1) then it would pullback to two distinct measure on ∆ a with respect to both of which the odometer τ is ergodic. This violates the known unique ergodicity of group rotations for which there is a dense orbit. This means that T a is uniquely ergodic with respect to Lebesgue measure. This means that if we suppose (k n ) n≥0 is Hartmann uniformly distributed and L ∞ -good universal then (T kn a (x)) n≥0 is uniformly distributed modulo one for all x ∈ [0, 1).
Using the method used to proved Theorem 1, we have proved the following theorem.
Theorem 2.4. Suppose (k n ) n≥0 is Hartmann uniformly distributed and L ∞ -good universal. For each (n 1 , . . . , n l ) ∈ Z + the sequence of s-tuples
has an asymptotically distribution function µ which is a copula for all x ∈ [0, 1).
It would be interesting to know what happens in the case where Hartmann uniformly distributed sequences of integers (k n ) n≥0 are replaced by the sequences (η(n)) n≥0 and (η(p n )) n≥0 . It might be possible to remove the requirement of L ∞ good universality. It isn't required in the case x = 0 and why this would be special is unclear. In this case the proof would require a direct proof of the uniform distribution of (T kn a (x)) n≥0 for all x ∈ [0, 1) without reference to good universality.
Examples of Hartmann Uniformly distributed and good universal sequences
The following is a list of constructions of Hartman uniformly distributed. The first five are also examples of L p -good universal sequences for some p ≥ 1. The other examples appear in [N1] .
1. The sequence (n) ∞ n=1 is L 1 -good universal. This is Birkhoff's pointwise ergodic theorem.
2. Denote by [y] the integer part of real number y.
is a differentiable function whose derivation increases with its argument. Let A n denote the cardinality of the set {n : k n ≤ n} and suppose for some function a : [1, ∞) → [1, ∞) increasing to infinity as its argument does, that we set
(Here e(x) = e 2πix for real x.) Suppose also for some decreasing function c : [1, ∞) → [1, ∞) and some positive constant C > 0 that
Then if we have N2] . Specific sequences of integers that satisfy conditions H include k n = [g(n)] (n = 1, 2, . . .) where
. . , b 1 not all rational multiplies of the same real number.
IV. Hardy Fields: By a Hardy Field we mean a closed subfield (under differentiation), of the ring of germs at +∞ of continuous real valued functions with addition and multiplication taken to be pointwise. Let L denote the union of all Hardy fields. If (k n )
, where a satisfies the following conditions: a ∈ L;
satisfies condition H. This example is observed in [BKQW] . 3. A random example: (i) Suppose S = (n k ) ∞ n=1 ⊆ N is a strictly increasing sequence of natural numbers. By identifying S with its characteristic function I S we may view it as a point in Λ = {0, 1}
N the set of maps from N to {0, 1}. We may endow Λ with a probability measure by viewing it as a Cartesian product Λ = ∞ n=1 X n where for each natural number n we have X n = {0, 1} and specify the probability π n on X n by π n ({1}) = q n with 0 ≤ q n ≤ 1 and π n ({0}) = 1 − q n such that lim n→∞ q n n = ∞. The desired probability measure on Λ is the corresponding product measure π = ∞ n=1 π n . The underlying σ-algebra β is that generated by the "cylinders" 
as k tends to infinity. Note that this allows the possibility that (k n ) n≥1 is zero density. This example is an immediate consequence of A. A. Templeman's semigroup ergodic theorem [T, p218] .
5. Random perturbation of good sequences: Suppose (k n ) n≥1 is a L p -good universal sequence of integers that is also Hartmann uniform distributed. Suppose θ = {θ n , n ≥ 1} denotes a sequence of N-valued independent, identically distributed random variables with basic probability space (Ω, A, P), and a Pcomplete σ-field A. We assume that there exist 0 < α < 1 and B > 1/α, such that
and the if E denotes expectation with respect to the basic probability space (Ω, A, P) we have
p -good universal and Hartmann uniformly distributed [NW] .
6. k n = [P (n)] (n = 1, 2, · · · ) where if P (x) = a k x k + · · · + a 1 x + a 0 the numbers a k , . . . , a 1 are not all rational multiples of the same real number; 7. k n = [P (p n )] (n = 1, 2, · · · ) where (p n ) ∞ n=1 denotes the sequence of rational primes and P (z) is as in 6; 8. k n = [f (n)] (n = 1, 2, · · · ) where f (z) denotes a non-polynomial entire function which is real on the real numbers and such that |f (z)| e (logz) α with α < 4 3 ; 9. k n = [f (p n )] (n = 1, 2, · · · ) where f (z) is as in 8 and p n denotes the n th rational prime;
10. k n = [a n cos(a n x)] (n = 1, 2, · · · ) for a strictly increasing sequence of integers (a n ) ∞ n=1 and almost all x with respect to Lebesgue measure; 11. k n = [a n cos(a n x)] (n = 1, 2, · · · ) for a strictly increasing sequence of integers (a n ) ∞ n=1 such that a n n p and p > 1 and all x outside a set of Hausdorff dimension not greater than 1 − 
